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Abstract 

Let P be a finite metacyclic 2-group and T a fusion system on P. We prove that T is nilpotent 
unless P has maximal class or P is homocyclic, i. e. P is a direct product of two isomorphic cyclic 
groups. 

1 Introduction 

The structure of a finite group G is often controlled by the structure of its Sylow p-subgroups and 
the way they are embedded into G. In this paper, we give an example of such a control in the case 
p = 2. More precisely, we show that G is 2-nilpotent if the Sylow 2-subgroups of G are metacyclic, 
but neither of maximal class nor homocyclic. Here, a homocyclic group means a direct product of two 
isomorphic cyclic groups. Moreover, the 2-groups of maximal class are precisely the dihedral groups, 
the semidihedral groups, and the quaternion groups. Of course, there are many other metacyclic 2- 
groups (see for example [3]). In this sense, most of the metacyclic 2-groups satisfy our assumption. In 
the easiest case where the Sylow 2-subgroups of G are cyclic, the result is a well-known theorem by 
Burnside. Another case, in which the result is known, is due to Wong. He showed that G is 2-nilpotent 
if the Sylow 2-subgroups of G are the sometimes called modular groups (see Satz IV. 3. 5 in [2]). These 
are the nonabelian 2-groups with cyclic subgroups of index 2, which do not have maximal class. For 
similar results see [7]. 

For the proof, we use the notion of fusion systems, which provide a great generalization of the 
situation described above. In particular, our result applies also to 2-blocks of finite groups with 
metacyclic defect groups. We note that David Craven and Adam Glesser also found the main result 
of this paper, but they did not published it yet. Furthermore, Radu Stancu has studied fusion system 
on metacyclic p- groups for odd primes p (see |6J). 



2 Metacyclic 2-groups 

First, we collect some elementary results about metacyclic 2-groups. We will freely use the fact that 
subgroups and quotients of metacyclic groups are again metacyclic. 

Lemma 1. If P is a metacyclic 2-group, then the automorphism group Aut(P) is also a 2-group unless 
P is homocyclic or a quaternion group of order 8. 
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Proof. See Lemma 1 in [5]. 



□ 



It is easy to show that the converse of Lemma [T] also holds. In the following, we denote the cyclic 
group of order n G N by C n . Moreover, we set C 2 := C n x C n . For a finite group G, we denote by 
<&(G) the Frattini subgroup of G. If H is a subgroup of G, then Nq(H) is the normalizer and Cg(H) 
is the centralizer of H in G. 

Lemma 2. Let P be a metacyclic 2-group and C 2 k = Q < P with k > 2. Then the action ofNp(Q)/Q 
on Q/3>(Q) by conjugation is not faithful. 

Proof. By way of contradiction, we assume that Np(Q)/Q acts faithfully on Q/&(Q). Hence | Np(Q) : 
Q\ = 2, since | Aut(Q/$(Q))\ = 6. For simplicity, we may also assume P = Np(Q). Then P/$(Q) 
is a dihedral group of order 8. Let (x) < P such that P/{x) is cyclic. Then (x)$>(Q)/$(Q) and 
(P/$(Q))/((x)$(Q)/$(Q)) = P/{x)$(Q) are also cyclic. Since a dihedral group of order 8 cannot 
have a cyclic quotiont of higher order than 2, this shows \P/(x)$(Q)\ = 2 and |(x)| = 4|(x) fl 3>(Q)|. 
Because x 2 € Q, x has at most order 2 k+1 . If x has lower order than 2 fe+1 , then x 2 would be contained 
in 3>(Q). Thus |(x}| = 2 k+1 . In particular x ^ Q. The restriction map 99 : Aut((x}) — > Aut((x 2 )) is an 
epimorphism with kernel of order 2. The action of Q on (x) induces a homomorphism Q — > Aut((x)) 
with image contained in ker (</?), because x 2 € Q. Since ker(y?) has order 2, x centralizes 
By Burnside's basis theorem, there exists an element y E Q such that Q = (y^xyx^ 1 ). Therefore 
<3?(Q) = {y 2 ,xy 2 x~ 1 } = (y 2 ) is cyclic. But this contradicts k>2. □ 



3 Fusion systems 

In this section, we will use the definitions and results of [1] to prove the main result of this paper. 
Moreover, we say that a fusion system T on a finite p-group P is nilpotent if Aut^(Q) is a p-group for 
every Q < P (cf. Theorem 3.11 in [4J). 

Theorem 1. Let P be a metacyclic 2-group, which is neither of maximal class nor homocyclic. Then 
every fusion system T on P is nilpotent. 

Proof. In order to show that P does not contain ^"-essential subgroups, let Q < P be ^"-essential. Since 
Autjr(Q)/ AutQ(Q) has a strongly 2-embedded subgroup, Aut(Q) is not a 2-group. By the Lemma [TJ 
Q is homocyclic or a quaternion group of order 8. By Proposition 10.19 in pQ, Q cannot be a quaternion 
group. Thus we may assume Q = C 2 k for some k £ N. Moreover, Cp(Q) = Q holds, because Q is also 
J-'-centric. First, we consider the case k = 1. Then Q C (x e P : x 2 = 1) =: Sl(P), and Exercise 1.85 
in [1] imply Q = tt(P) < P. Since P/Q = N P (Q)/C P (Q) is isomorphic to a subgroup of Aut(Q), 
P has order 8. This contradicts our hypothesis. Hence, we have k > 2. Now consider the action of 
AuV(Q) = Autp(Q)/ Aut Q (Q) on Q/${Q). Lemma [2] shows that 1 ^ Aut P (Q) C Autjr(Q) does 
not act faithfully. On the other hand, it is well-known that every automorphism of Q of odd order 
acts nontrivially on Q/&(Q). Therefore the kernel of the action under consideration forms a nontrivial 
normal 2-subgroup of Autjr(Q), i.e. 02(Autjr(Q)) / 1. But this contradicts the fact that Autjr(Q) 
contains a strongly 2-embedded subgroup. 

Now let Q be an arbitrary subgroup of P. We have to show that Autjr(Q) is a 2-group. Let 
if S Aut^r(Q). Then Alperin's fusion theorem (Theorem 5.2 in [5]) shows that ip is the restriction of 
an automorphism of P. But again by Lemma[U Aut(P) is a 2-group, and 99 must be a 2-element. This 
proves the theorem. □ 

Our last statement is in some sense a converse of Theorem [H 

Proposition 1. Let P be a 2-group of maximal class or a homocyclic 2-group. Then there exists a 
fusion system on P , which is not nilpotent. 
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Proof. It suffices to show that there exists a finite group G with P as a Sylow 2-subgroup such that 
G is not 2-nilpotent. If P is homocyclic, then the claim follows from Theorem 1.10 in [7]. If P has 
maximal class, then Theorem 2.4, Theorem 2.5, and Theorem 2.6 in [7j imply the result. □ 
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